t is discussed in [1, 33 6, 7] and elsewhere. Such free energies have applica-34 tions in proving results concerning the integro-partial 35 differential equations describing materials with mem-36 ory. They may also be useful for physical modeling of 37 such materials. However, these applications generally 38 require that the free energy functionals involved have 39 compact, explicit analytic representation. 40 The single integral form is shown to include the 41 functional w F , proposed some years ago [1, 6] . There 42 is also however a further category of functionals of this 43 kind for materials with non-singleton minimal states. 44 These functionals are easily described but more 45 difficult to construct, since basic inequalities relating to 46 thermodynamics must be explicitly imposed; they are 47 therefore not so useful for practical applications. 48 The double integral quadratic form is examined in 49 detail. In this context, a recent paper [10] deals with 50 determining new free energies that are quadratic func-51 tionals of the history of strain, using a novel approach. 52 This new method is based on a result showing that if a 53 suitable kernel for the rate of dissipation is known, the 54 associated free energy kernel can be determined by a 55 straightforward formula, yielding a non-negative qua-56 dratic form. It allows us to determine previously 57 unknown free energy functionals by hypothesizing rates 58 of dissipation that are non-negative, and applying the 59 formula. In particular, new free energy functionals 60 related to the minimum free energy are constructed. 61 In principle, the methods developed in [10] 
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Integrating (2.9) over ðÀ1; t yields that 
44
Author Proof 
299 299 where the symbol ''P'' indicates a principal value 300 integral. Similarly, 
Author Proof
379 379 To obtain the minimum free energy for discrete 380 spectrum materials, one chooses the factorization of 381 (4.15) given by 
ð4:20Þ
392
The case where all the zeros are interchanged [1, 6, 7, 393 9 ] is labeled f ¼ N. The resulting factors are given 394 by 
44
461 462 Remark 5.3 Therefore, for a given discrete spectrum 463 material, the property that two histories are equivalent, 464 or in the same minimal state, is determined by (5.5) 1 465 and by the values of those histories in the frequency 466 domain, at x ¼Àia i , i ¼ 1; 2; ...; n. This is a special 467 case of the general requirement given in [1] , p 359. 468 Thus, if a quantity depends on the strain history only 469
...; n, this quantity is a 471 FMS.
472
For discrete spectrum materials, 
44
545 (5.18) obeys the constraints (5.5). We can write it in 546 the form 
597 are the same as or equivalent to certain formulae given 598 previously in [1, 6] 1 , we find that 
Author Proof In the case of discrete spectrum materials,
679
we have, from (5.6),
681 681 and 
44
Author Proof 2 with f ðsÞ non-zero, we must show that the set 758 of functions f ðÁÞ, obeying the conditions (6.15), is not 759 empty. We can write (6.9) in the form
...; n; 
Author Proof 868 868 noting that mð0Þ¼0, by virtue of (7.5). Then, with the 869 aid of a partial integration, (7.8) can be expressed as 
It follows from (2.10) that the total dissipation must 887 also depend on I t 2 ðsÞ, s 2 IR. We write 894 894 Differentiating (7.14) with respect to time and using 895 (5.34) 2 , we obtain _ DðtÞ¼DðtÞ; ð7:17Þ 897 897 where DðtÞ is given by (7.12), provided that
899 899 This condition must hold for arbitrary histories, which 900 yields 
904 904 so that (7.19) is equivalent to (2.26). 905 Relationships (7.13)-(7.20) are incomplete without 906 specifying the forms of the kernels more precisely. 907 This is difficult in the time domain. The natural 908 framework for a deeper treatment of such issues is the 909 frequency domain, as is clear from (5.54), and will be 910 further demonstrated in Sect. 8. 
913
Results were obtained in [10] which allowed the 914 kernel of the quadratic form (2.14) to be determined in 915 terms of the kernel of (2.18). A corresponding theory 916 was also given in terms of frequency domain quanti-917 ties, which proved more useful for applications. We 918 now adapt this method to apply to functionals that are 919 quadratic in I t . It will emerge that the new technique 920 does not lead to new free energies. However, it is 921 useful in the context of dealing with the minimum free 922 energy. 923 Let us treat (7.12) 3 
IR
þ is presumed to be known. We introduce new 926 variables, 932 932 where x 0 is an arbitrary non-negative real quantity. It 933 follows from (7.2) and (7.12) 4 that L n ðx; yÞ¼L n ðx; ÀyÞ¼L n ðx; y jj Þ ; R n ðx; yÞ¼R n ðx; ÀyÞ¼R n ðx; y jj Þ : ð7:24Þ
935 935 Observe that, by virtue of (7.5), L n ðu; uÞ¼L n ðu; ÀuÞ¼L n ðu; u jj Þ¼ 0; u 2 IR þ :
ð7:25Þ 
Putting
x 0 ¼ s 0 þ u 0 ! 0; y ¼ s 0 À u 0 ¼ s À u;ð7:
44
ð7:30Þ 950 950 where f ðs 1 Þ¼I t 2 ðs 1 þ vÞ and is therefore arbitrary. It 951 follows that the integral in (7.29) 2 is also non-952 negative. Therefore, LðÁ; ÁÞ, given by (7.28), has the 953 property that the integral term in (7.1) is non-negative. 954 Thus, the basic strategy developed in [10] is valid here 955 also. The idea is to assign RðÁ; ÁÞ so that the rate of 956 dissipation is non-negative. Then, the associated free 957 energy, i.e. that with kernel given by (7.28), also has 958 the required positivity property. It will emerge how-959 ever that the strategy developed in [10] is not useful in 960 the present case, except in the context of the minimum 961 free energy.
962
We note the similarity between the expression 963 (7.28) and the kernel of the expression for the total 964 dissipation in [10] . 
44
. 1000 These are the only two possibilities. What they mean 1001 respectively is specified after (4.7). Now, the first 1002 choice would yield a quadratic form for the total 1003 dissipation equal to the negative of the integral term in 1004 the expression for the free energy (see (8.19) below). 1005 This would yield a meaningless result, so we take 1020 It is shown in [10] that the free energy, the rate of 1021 dissipation and total dissipation, in terms of histories, 1022 are given by 
Author Proof 3 , we can write (8.14) 3 as 
Author Proof The frequency domain version of (7.14), combined 1070 with (8.9), yields 
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